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Abstract

We apply a nonlinear prediction algorithm to investigate the presence of nonlinear structure in
electroencephalogram (EEG) recordings. The EEG signal could be modeled as a realization of a
nonlinear model plus a residual noise (uncorrelated Gaussian noise). Using linear and nonlinear
models we analyze the statistical nature of these residual noises in the case of epileptic patients
and normal subjects. We found that the residual noise presents Gaussian distribution for epileptic
patients if a nonlinear model is used whereas in the case of normal subjects the residual noise
will exhibit a Gaussian distribution only if a linear model (autoregressive) is used. These results
provide another evidence of the nonlinear character of the epileptic seizure recordings, while the
normal EEG seems to be better described as linearly correlated noise. c© 2001 Elsevier Science
B.V. All rights reserved.
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1. Introduction

It is a nontrivial problem to decide whether a given time series is adequately de-
scribed by a linearly ;ltered noise or contains nonlinearities (deterministic chaos) [1–6].
The situation becomes even more complicated if the time series is non-
stationary, and results from a combination of nonlinearities and random perturbations
as it seems to be the case of electroencephalogram (EEG) signals (for review see
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Refs. [7,8]). In this paper, we shall test three diEerent models for identifying nonlinear
structures in the dynamics underlying the EEG signals recording.
During recent years several neurophysiological studies have shown that EEG signals

have high degree of complexity. This complexity may be due to random processes
or to the chaotic behavior of the underlying nonlinear dynamics [9]. In fact, many
authors have reported evidence that epileptiform EEG signals may exhibit low di-
mensional deterministic chaos [10–14]. This means that the dynamical evolution of
the system can be described with only few variables, and one can construct a model
able to predict the short time future behavior of the system in terms of its previ-
ous states [15]. On the other hand, normal EEG signals have higher complexity, and
they could not be distinguished from linearly ;ltered noise [2,3], with the possible
exception of occipital recordings [5]. Up to now, the bulk of these studies are based
on measurements of some metric parameters like the correlation dimension [16] or
Lyapunov exponent [17]. These methods may easily produce spurious interpretation
when care is not taken. For this reason, other methods that are not based on invariant
measures are welcome for the characterization of diEerent types of dynamics in EEG
signals.
The use of other quantitative measures for comparing aspects of the EEG in diEerent

conditions has become an increasingly eEective EEG research tool [18–20]. Recently,
studies based on non-linear analysis have been able to anticipate epileptic seizures
from intracranially recorded EEG [21,22]. In the present eEort, the main goal is the
identi;cation of nonlinear structures in the EEG signals. We examine the possibility
of EEG signals being modeled basically by a nonlinear deterministic model related
to the activity of a population of neurons highly correlated in their discharging time,
plus some level of residual noise resulting from discharges of a more desynchronized
population of neurons. Consequently, we test as null hypothesis that residual noise
(RN) from linear and nonlinear models are realizations of a Gaussian random process.
The RN is de;ned as the prediction error, i.e., the diEerence between the EEG signal
and the prediction of a given model.
In order to build nonlinear prediction models for the dynamics underlying the highly

correlated activity, we use a parametrized nonlinear function, and the parameters are
determined, within the framework of the approach presented in Ref. [18], using a
short portion of EEG. This approach allows the determination of the parameters using
around 450 points (in an epileptic regimen). Thus, we can determine the embedding
dimension of short portions of EEG by estimating the ability of prediction of the
model constructed with it. In this way, problems associated with the non-stationarity
of the signal are avoided. We found that the embedding dimension estimated using this
method is in agreement with estimates provided by the false nearest-neighbor (FNN)
method in the case of low-dimensional dynamics.
We organize our presentation as follows: in Section 2, we describe the procedure

used to record the EEG signals, and review some ideas concerning the reconstruction of
the system’s state and parameters estimation procedure based on the maximum entropy
principle (MEP). In Section 3, we present our results regarding the EEG signals from
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normal subjects during wakefulness and epileptic patients during inter-ictal periods.
Finally, some conclusions are drawn in Section 4.

2. Materials and methods

2.1. Clinical data

As control group we have taken the EEG recordings from three normal individuals,
males, between 26 and 47-years old, free of a past history or current symptoms of
psychopathology. The recordings have been obtained under wakefulness, with the in-
dividuals physically and mentally at rest, and closed eyes. For the epileptic group, we
considered EEG recordings from four males and two females, between 5 and 39-years
old. Three of the patients presented clinical history of generalized seizure, and three
of partial seizure that turned into generalized. The recordings were performed during
inter-ictal periods. The epileptic patients were examined under one of the following
conditions: in the control condition of the normal patients, spontaneous or induced
sleep, and hyperventilation. The last two conditions are usually employed in clinical
recordings in order to induce the appearance of the epileptic inter-ictal activity. These
EEG recordings were examined by a clinical specialist in order to select segments
containing evident paroxysmal discharges and free of artifacts.
The recordings have been obtained using a standard clinical device (International

10=20 Systems) connected to the scalp, a reference electrode being placed at the
patient’s nose. We used the time series obtained from frontal derivations to apply
our methods. The data from epileptic patients were ampli;ed and ;ltered using a
low-frequency cutoE of 0:1 Hz, and high-frequency cutoE of 50 Hz. The data were
stored on magnetic tape and then digitized oE-line at 256 Hz with 8-bit digitizer.

2.2. Nonlinear modeling

The complexity of an attractor can be characterized by a set of invariants, the gen-
eralized dimension spectrum. Generally speaking, for a reliable estimation of these
invariants, large quantities of data are necessary to achieve accurate approximation for
the density of points in diEerent regions of the attractor. One needs a long station-
ary time series. This condition may not be satis;ed when we deal with EEG signals
[24,25], since only few seconds of stationary-like recordings are usually available.
Here, we assume that EEG signals can be basically described as deterministic chaos

with some level of additive random noise [26]. We need to reconstruct the space state
associated with the deterministic part of the signal. The EEG signals are a stroboscopic
sequence of N measurements {v(t0); v(t0 + �s); : : : ; v(t0 + N�s)} made at intervals �s.
The state space is reconstructed using the time delay embedding [27,28], which uses
a collection of coordinates with time lag to create a vector in d dimensions,

v(t)= (v(t); v(t − 
); : : : ; v(t − (d− 1)
)) ; (1)
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where 
= n�s, (with n=1; 2; : : : ; N ), is the time lag or delay. Takens has shown [27]
that for Mows evolving to compact attracting manifolds of dimension da; if d¿ 2da,
we can write

v(t + T )=F(v(t)) ; (2)

where T ¿ 0 is the forecasting time. This means that the dynamical evolution of the
system could be described with few variables and one can construct a model F∗(v(t))
that is able to predict approximately the short future behavior of the system in terms
of its previous states. The Takens’ theorem provides no information regarding either
the choice of 
, or the form of F .
Now, we introduce a parametrized mapping function F∗(v(t); a), where a is the set

of parameters of the model [23]. These parameters are determined within the frame-
work of the approach presented in [18,23]. We consider here three types of represen-
tation of the mapping function. In the ;rst case we consider a linear model (labeled
model A) F∗(v(t); a)=FA(v(t); aA), given by

FA(v(t); aA)= a0 +
d∑

j=1

ajvj ; (3)

where vj are the components of the d-vector (1). The working hypothesis is given by
the set of parameters aA= {a0; a1; : : : ; ad}.
A more general predictor form is provided by a kind of radial basis expansion (la-

beled model B) F∗(v(t); a)=FB(v(t); aB), where FB(v(t); aB) is given by the expansion

FB(v(t); aB)=
d∑

j=1

g∑
i=1

aij exp
[
−g
2
(vj − xi)2

]
: (4)

We use g Gaussian functions centered at xi. The number of Gaussian functions was
determined using the criterion of best ;tting, i.e., the number of functions is gradually
increased until no improvement in the predictive performance is observed. This was
achieved for g=6. Then, we normalize the signal to the unity by dividing all data
points by their maximum absolute value. This normalization is necessary in order to
have the same scale for all patients. The xi are equidistant points 1 in the interval
[ − 1:5; 1:5]. This interval is chosen in order to guarantee a good ;tting in the in-
terval of interest, i.e., [ − 1; 1]. Of course, the aij constitute our working hypothesis,
aB= {a1;1; a2;1; : : : ; ag;d−1; ag;d}. Thus, the number of parameters of the model, NB, is
determined by the number g of Gaussian functions in (4), and by the embedding di-
mension d, NB=d×g. Expansion (4) provides a smooth interpolation of scattered data
in arbitrary dimension [15], and has proven to be useful in practice [18].
We will use also a quadratic expansion F∗(v(t); a)=FC(v(t); aC) where the quadratic

predictor FC(v(t); aC) is given by

FC(v(t); aC)= a0 +
d∑

j=1

ajvj +
d∑

j=1

j∑
i=1

ai; jvivj : (5)

1 We use in this work g=6, so that xi =3i=6− 1:5, with i=0; 1; : : : ; 5.
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In this case, the working hypothesis is given by the set of parameters aC = {a0; a1;
a2; : : : ; ad; a1;1; : : : ; ad;d; a1;2; a1;3; : : : ; ad−1;d}. If one takes the ;rst two terms in (5), we
have the linear model (3) or the autoregressive model of order d. Notice that the
parameters of the models A, B, C have been arranged so as to be represented by the
row vector aA; aB; aC , respectively. From now on we shall use the row vector a to
denote a generic set of parameters (a= aA in the case of model A, a= aB in the case
of model B, a= aC in the case of model C).
Now we introduce the MEP [18], i.e., the minimum number of assumptions compati-

ble with the available data, in order to determine the parameters a using the information
contained in a segment of K =M + d
 points of the EEG time series. These points
are required to construct M sets of the type

{v(tj); v(tj + T )}; j=1; : : : ; M ; (6)

where j are labeling the M sets. In order to infer the coeNcients consistent with these
M sets (6), our central idea is to assume that each set of parameters a is realized with
probability P(a), and reinterpret the M sets (6) according to expression (2), where the
parameters are set equal to the mean value of the distribution P(a),

v(tj + T ) = F∗(v(tj); a) |a=〈a〉
=Vj · 〈a〉t ; (7)

where Vj are row vectors constructed by evaluating the function component of series
(3)–(5) in the d-vector v(tj),

Vj = {1; v(tj); v(tj − 
); : : : ; v(tj − (d− 1)
)} Model A ;

Vj = {e−(g=2)(v(tj)−x1)2 ; e−(g=2)(v(tj)−x2)2 ; : : : ; e−(g=2)(v(tj−(d−1)
)−xg)2} Model B ;

Vj = {1; v(tj); v(tj − 
); : : : ; v2(tj); v2(tj − 
); : : : ; v(tj − (d− 2)
)

×v(tj − (d− 1)
)} Model C

and 〈a〉t is the transpose of the row vector having as components the expectation values

〈ai〉=
∫

P(a)ai da : (8)

The two essential ingredients of the MEP technique are the expectation values 〈ai〉
(8), and the relative entropy S associated with the probability distribution P(a) [29,30]
de;ned by

S =−
∫

P(a) ln
(

P(a)
P0(a)

)
da ; (9)

where P0(a) is an a priori distribution. Here we select a Gaussian distribution as P0.
As customary, one is then led to maximizing entropy (9) subject to constraints (7) and
the normalization condition, obtaining

S ′=−
∫ {

P(a) ln
(

P(a)
P0(a)

)
+ �0P(a) + a ·Wt�̃P(a)

}
da ; (10)
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where �0 and the column vector �̃ are Lagrange multipliers associated, respectively,
with the normalization condition and constraints (7), and W is a matrix with M rows
Vj. Variation of S ′ with respect to P(a) immediately gives

P(a)= exp(−(1 + �0)) exp(−a · �)P0(a) ; (11)

where �=Wt�̃ (Wt is the transpose of W).
A choice has now to be made concerning the a priori probability distribution P0.

Here we select a Gaussian P0, i.e., choose it to be proportional to exp(−a:a=2�),
with a free parameter �. When we replace this choice of the a priori distribution in
Eq. (11), we obtain a Gaussian form for the probability distribution P(a), centered at
〈a〉=− ��, with dispersion �. Both the de;nition of �, and constraints (7) allow for
the elimination of the Lagrange multipliers �̃. One can thus express the 〈ai〉, solely in
terms of the data set:

〈a〉t = Ips[W]vT ; (12)

where Ips[W] = (W)t(W(W)t)−1 is the Moore–Penrose pseudoinverse [31], and vT is
a column vector constructed with v(tj + T ); j=1; : : : ; M . Now, we choose the most
probable set of parameters (the mean value of the distribution) compatible with con-
straints (7) as our working hypothesis a. Using the above procedure, one can capture
the dynamics underlying a short portion of the EEG, i.e., underlying the M sets (6).

2.3. Procedure outline

We aim at applying this methodology to EEG signals regarding two situations: nor-
mal EEG during wakefulness, and during epileptic inter-ictal activity in epileptic pa-
tients. The ;rst step is to select one quasi-stationary segment of the EEG from each
patient. Then we will determine the adequate set of embedding parameters (time delay

 and the embedding dimension d) for each model and each patient using the ;rst
K =M + d
 points of the selected segment. In order to obtain the RN, we test the
three models (linear model A, and the two nonlinear models B, C) over each segment.
We choose as time delay embedding 
 the ;rst minimum (�0) of the mutual in-

formation [32], for each segment to be modeled. In Fig. 1 (thick line) we show the
mutual information of the EEG signal from the epileptic patient #1176. In order to
select the adequate embedding dimension, we used two criteria. First, we analyzed the
predictive performance of the models in a segment of EEG with K points as a func-
tion of the embedding dimension, and then we chose the optimal predictor (labeled as
criterion I). The forecasting time T is set equal to the corresponding delay embedding

 used in the embedding procedure. We say that a predictor is optimal, for a given
time series, if the mean square error of the RN is minimal [33]. The mean square error
 is computed over the M sets (6):

 =M−1(vT − v∗T ) · (vT − v∗T ) ; (13)
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Fig. 1. Mutual information of the EEG signal from the epileptic patient #1176 (thick line). The ;rst minimum
�0 of the mutual information function occurs at 0:058 s (15 samples). Mutual information of the RN for
the patient #1176 using criterion II: linear predictor (model A) in dashed line; Gaussian function expansion
(model B) in solid line; and quadratic predictor (model C) in dotted line.

where vT corresponds to the EEG signal and v∗T to the model prediction. In Fig. 2, we
show the mean square error  versus the embedding dimension d using the nonlinear
model B constructed with three diEerent values of the time delay 
 (
=14 samples in
solid line, 
=15 samples in dashed line, and 
=16 samples in dotted line). We can
see that there is a minimum when the embedding dimension reaches d=3. This value
depends on the signal nature, and it is lower in EEG segments with epileptic activity
than in EEG segments from normal subjects. In order to perform our calculation, we
used 400 sets (M =400) for modeling epileptic activity, and 600 sets (M =600) in the
case of normal subjects (remember that the number of points K is given by M +d
).
We choose the dimension at which the minimum occurs as the embedding dimension
for the modeling. In order to check the embedding dimension suggested by the criterion
I, we also estimate the embedding dimension by the method of false nearest neighbor
[34] (labeled as criterion II). In low dimension cases (epileptic subjects) the two criteria
have given a similar estimate for the embedding dimension (see Fig. 2), but there is
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Fig. 2. Mean deviation  (right axis) as a function of the embedding dimension d for the Gaussian function
expansion (4) (model B), from EEG segment with epileptic activity of the patient #1176. We used three
time delay in the embedding: 14 samples (solid line), 15 samples (dashed line), and 16 samples (dotted
line). The models were constructed using 400 points. For the sake of comparison, we also show (left axis)
the percentage of false nearest neighbors (thick line) as function of d.

a great divergence in the case of normal subjects (see Fig. 3). In particular, we found
that the embedding dimension suggested by FNN is smaller than that suggested by
criterion I. This underestimation could be due to the small quantity of points used
for estimating the percentage of false nearest neighbor (around 1500 data points).
The threshold parameter used for estimating false nearest neighbor was the standard
deviation of the data divided by 7.

2.4. Null hypothesis

Once the embedding parameters are set, we test each model against a null hypothesis.
In this paper the null hypothesis consists of two independent parts: (i) the RN is
normally distributed, and (ii) the RN is independent. In order to test the normality of
the RN distribution, we constructed a histogram for the RN of the selected segment.
The number of bins used in the construction of the histograms lies in the range between
30 and 45, the larger the number of points in the RN, the larger the number of bins
used (we have used 1500 points in the case of normal subjects, and in the case of
epileptic patients we used between 650 and 850 points, depending on the length of
the quasi-stationary segment considered). Then the normality of the distribution of the
RN is formally tested via the well-known !2 method. In order to test if the RN is



L. Diambra et al. / Physica A 300 (2001) 505–520 513

Fig. 3. Mean deviation  (right axis) as a function of the embedding dimension d for the Gaussian function
expansion (4) (model B), from EEG segment from normal subject #1003. We used three time delay in the
embedding: 14 samples (solid line), 15 samples (dashed line), and 16 samples (dotted line). The models
were constructed using 1000 points. For the sake of comparison, we also show (left axis) the percentage of
false nearest neighbors (thick line) as function of d.

statistically independent we estimated the mutual information function. Given a time
series {s1; s2; : : : ; sJ} the mutual information is de;ned as

IMutual(�)=
J∑

i=1

P(si; si+�) log
P(si; si+�)

P(si)P(si+�)
: (14)

Thus, IMutual(�) gives the degree of statistical autocorrelation, and IMutual(�)= 0 if si
and si+� are statistically independent.

3. Results

We tested the performance of the three models in each portion of EEG: the linear
model A, and the two nonlinear models B, C. In Table 1, we show the time delay
embedding 
, and the embedding dimension d, used in the modeling procedure of one
portion of each patient EEG.
We tested the null hypothesis in the RN from six epileptic patients. In Table 2, we

show the p-values for rejecting the null hypothesis for the RN of the three models
being considered, using the embedding dimension suggested by criterion I. In the case
of the linear model A, the null hypothesis is rejected without ambiguity for all EEG
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Table 1
Embedding dimension and time delay embedding 
 used for modeling each EEG segment of the patients in
the ;rst column. The last three rows correspond to normal subjects. We have not observed any minimum
or plateau in the case of EEG of normal subjects modeled with the model C, so we did not perform the
calculations for this case

Patient Embedding dimension 

Model A Model B Model C FNN in samples

1072 F3 9 4 4 3 21
1176 F4 8 3 5 2 15
0176 F4 8 3 6 3 15
0748 F4 4 3 4 3 25
0857 F4 8 5 6 3 14
0994 F4 5 3 4 4 30

1001 F4 25 15 — 6 10
1002 F4 39 13 — 6 12
1003 F4 24 9 — 7 15

Table 2
Criterion I: p-values for rejecting the Gaussian hypothesis for the RN from the three models used. We
give the ;rst minimum �0 of the mutual information function of the RN in each case. The last three rows
correspond to normal subjects

Patient Model A Model B Model C

p-value �0 p-value �0 p-value �0

1072 F3 1.0000 0.027 0.0797 0.008 1.0000 0.020
1176 F4 0.9240 0.043 0.2404 0.011 0.9548 0.043
0176 F4 1.0000 0.043 0.1087 0.011 1.0000 0.055
0748 F4 1.0000 0.059 0.0129 0.016 1.0000 0.059
0857 F4 1.0000 0.047 0.1350 0.016 0.8825 0.039
0994 F4 0.9961 0.068 0.0067 0.019 0.8038 0.058

1001 F4 0.0842 0.029 1.0000 0.020 — —
1002 F4 0.0747 0.039 0.9997 0.039 — —
1003 F4 0.0161 0.029 0.9247 0.029 — —

segments from epileptic patients. On the other hand, when we use the nonlinear model
B, we ;nd that the null hypothesis is accepted with more than 90% level of signi;cance
in three patients, and in two other patients with more than 85%. One patient (#1176)
presents a level of signi;cance slightly lower. We can see in Fig. 4 three histograms
of amplitudes of the RN from the EEG of this patient using criterion I (embedding
dimension =3). When we tested the null hypothesis with the nonlinear model C, it
could be rejected without ambiguity in all cases.
We also tested the null hypothesis in the RN from models constructed using the

embedding dimension suggested by criterion II. In Table 3, we show the p-values
for rejecting the null hypothesis for the RN of the three models. There is agreement
with the results listed in Table 2 in the case of models A and C. In the case of
model B, we have totally diEerent results for the patient #1072. For patients #0857
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Fig. 4. Histogram and Gaussian ;tting of the three residual noise models, using criterion I, for the patient
#1176: linear predictor (A); Gaussian function expansion (B); and quadratic predictor (C).

Table 3
Criterion II: p-values for rejecting the Gaussian hypothesis for the RN from the three models used. We
give the ;rst minimum �0 of the mutual information function of the RN in each case. The last three rows
correspond to normal subjects

Patient Model A Model B Model C

p-value �0 p-value �0 p-value �0

1072 F3 1.0000 0.082 1.0000 0.023 1.0000 0.046
1176 F4 1.0000 0.043 0.0108 0.011 1.0000 0.043
0176 F4 1.0000 0.047 0.1087 0.011 1.0000 0.043
0748 F4 1.0000 0.047 0.0129 0.016 1.0000 0.055
0857 F4 0.7045 0.051 0.3864 0.016 0.8470 0.039
0994 F4 0.6696 0.146 0.3011 0.029 1.0000 0.146

1001 F4 1.0000 0.029 1.0000 0.029 1.0000 0.029
1002 F4 1.0000 0.039 1.0000 0.020 1.0000 0.039
1003 F4 1.0000 0.039 1.0000 0.020 1.0000 0.039

and #994 the null hypothesis could be accepted with ambiguity. There is agreement
in the embedding dimension suggested by both criteria in the case of patients #0176
and #0748. Notice that in the case of the patient #1176 (shown in Fig. 4), the null
hypothesis is accepted with more than 95% level of signi;cance. In Fig. 5, we show
the histograms of amplitudes for the RN from the EEG of the patient #1176. Only
Fig. 5B shows a histogram that is well ;tted by a Gaussian function.
From Tables 2 and 3 we see that the ;rst minimum �0 of the mutual information

function of the RN is smaller than the 
 of the corresponding EEG signal listed in
Table 1. In Fig. 1, we can see that the mutual information function of the RN from
the EEG of the patient #1176 in the case of model B decreases more rapidly than
in the case of models A and C. These results are compatible in general with the idea
that the epileptic EEG signals can be generated by a nonlinear system of low dimension
plus random Muctuations in the form of Gaussian white noise.
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Fig. 5. Histogram and Gaussian ;tting of the three residual noise models, using criterion II, for the patient
#1176: linear predictor (A); Gaussian function expansion (B); and quadratic predictor (C).

Fig. 6. Histogram and Gaussian ;tting of the two residual noise models for the normal subject #1002: linear
predictor (A) and Gaussian function expansion (B).

When we deal with EEG signals from normal subjects in wakefulness, the situation
is rather diEerent. Let us consider ;rst the RN from model B constructed using the
embedding dimension suggested by criterion I. The histogram of the RN from the
nonlinear models B (4) does not present a normal distribution. Table 2 shows that
the null hypothesis is rejected without ambiguity in the case of the normal subject
#1001, with a signi;cance level smaller than 10−3 for the normal subject #1002, and
with a signi;cance level smaller than 0:1 in the case of the normal subject #1003.
However, we tested the RN from the linear model for normality, and we found that
the null hypothesis can be accepted in the three cases analyzed with more than 90%
level of signi;cance. In Fig. 6, we show the typical histograms of the RN from a normal
patient in wakefulness for models A and B. However, as shown in Fig. 7, the values
of �0 of the RN are not signi;cantly diEerent from the 
 of the corresponding EEG
signal. In the case of RN from models constructed using the embedding dimension
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Fig. 7. Mutual information of the EEG signal from the control subject #1002 (thick solid line). The ;rst
minimum �0 of the mutual information function occurs at 0:049 s. Mutual information of the two RN from
the normal subject #1002: linear predictor (model A) in dashed line, and Gaussian function expansion (model
B) in solid line.

suggested by criterion II, the null hypothesis is rejected without ambiguity for all
models here considered (see Table 3). This could be explained by an underestimation
of the embedding dimension due to the limited amount of data used to compute the
false nearest neighbors percentage in the high-dimension cases.

4. Discussion and conclusion

In this paper, we consider the EEG to be a realization of two components: a chaotic
attractor and Gaussian noise. We consider here only EEG recordings obtained using
scalp connections (i.e., of the type that are currently used for standard medical diag-
nosis). The limited number of cases that we have studied does not allow us to draw
de;nitive conclusions, nevertheless, our results indicate that it is possible to approxi-
mate the dynamics of the epileptic EEG signal by a nonlinear oscillator with Gaussian
noise. This provides a new evidence suggesting the presence of nonlinear structure
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in these signals [3,4,9,10]. This conclusion, based on the Gaussian distribution and
independence of the RN sequence, holds only for signals from epileptic subjects. In
the case of the frontal EEG recordings of normal subjects in wakefulness we found
that the RN from high-dimensional linear model has a Gaussian distribution. However,
in this case our method does not allow to conclude that the RN is independent. We
think that this problem could be better assessed using a more sophisticated analysis
like [35,36].
The embedding dimension of the models are lower when the EEG signal contains

epileptic activity. This is in accordance with previous studies that concluded that the
complexity of the epileptic EEG is lower than the complexity of the normal one
[10–12,20]. However, we would like to stress that this fact does not constitute a
rigorous mathematical argument pro low-dimensional chaotic dynamics in the epileptic
EEG.
As a ;nal comment, we want to outline the hypothesis that each component of the

model may be produced by the activity of a diEerent dynamical system, which in turn
may correspond to a diEerent population of neurons. In the case of epileptic activity,
the chaotic attractor may be produced by the activity of a population of neurons that ;re
with a high degree of synchronization. It is known that epileptic spikes are due to the
abnormal hypersynchronization of big populations of neurons [25,37]. The component
of white noise may be due to the activity of a second large population of neurons
that have not been recruited in the epileptic spikes thus having a less synchronized
discharging regime.
In conclusion, we propose a model to ;t epileptic EEG signals that consists of a

deterministic system plus white Gaussian noise. The limitations of our conclusion to
epileptic EEG signals may be related to the high degree of complexity of the EEG
signals from normal patients recorded during wakefulness. In these cases, although we
have not been able to determine uncorrelation in the RN, it seems that our results sup-
port the hypothesis that this kind of signal can be described in terms of high-dimension
linear models.
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